Design and properties of the Quantum Spin Hall Photonic Topological Insulator
The photonic topological insulator (PTI) used in this work is based on the bianisotroic meta-waveguide (BMW) platform [ 1] . It consists of a hexagonal array of metal rods sandwiched between two parallel metal plates separated by the distance ℎ 0 that confine the electromagnetic waves in the vertical (z-) dimension. When the posts are symmetrically placed between two metal plates (and separated from them by the gap 0 as shown in Fig.S1(a) ), the structure can be viewed as "photonic graphene" (PhG) [ 2] with the period 0 [ 3] . The PhG structure supports transverse electric (TE) and magnetic (TM) modes shown in Fig.S1(b) . The modes differ from each other by their symmetry properties with respect to mid-plane reflection operation : the component of the TE (TM) mode is symmetric (anti-symmetric) with respect to while the opposite holds for the components of the two modes. Each of the two modes is doubly-degenerate for ⊥ = ± 4 /3 0 corresponding to the ( ′ ) edges of the Brillouin zone shown in the inset to Fig.1S(b) . The hexagonal symmetry of the PhG lattice guarantees the appearance of the Dirac cone for the decoupled TE/TM modes. Moreover, for a given period 0 , the two modes can be made degenerate with each other at the ( ′ ) points by the judicious choice of ℎ 0 and the cylinders' diameter 0 . Such mode-degeneracy is essential [ 4] for establishing spin-like linear combinations of the TE/TM modes which can be coupled to each other by a bianisotropic perturbation of the photonic structure. One such perturbation involves simply closing one of the gaps between the rods and the plates, i.e. attaching the rod to one of the plates as shown in Fig.S2 . The resulting band gap shown in Fig.S2 (b) separates the photonic phases with the opposite signs of the spin-Chern number ↑/↓ = ±1 × sgn(Δ ), where is the bianisotropic coefficient whose sign is determined by the plate to which the metal rod is attached [ 1] : Δ > 0 if the rod is attached to the bottom plate, and Δ < 0 if the rod is attached to the top plate. The size of the bandgap is also proportional to|Δ |. For those frequencies inside the bandgap, this photonic structure behaves as a photonic topological insulator emulating the quantum spin Hall effect (QSH-PTI). The bianisotropy parameter Δ in PTIs emulates the strength of the spinorbit interaction in the Kane-Mele model [ 5] of spin-Hall effect in graphene, which controls the Chern number of the topological phases.
Note that the spin-Chern number is not a global topological index because the sum of the spin-Chern numbers over all spin states vanishes:
. However, for the spin-degenerate bianisotropic structures [ 1] considered here there is no inter-spin scattering. Therefore, two independent copies of the topological phases with opposite spin-Chern numbers can be independently considered. The ability to engineer the sign of the Chern number by making a simple change to the structure (e.g., by reversing the orientation of its constituent elements [ 4] or by attaching the rods to a different plate [ 1] ) is a unique feature of bianisotropic PTIs that are not available with many other designs [ 6] where the sign of the effective spin-orbit interaction is fixed.
Emergence of topologically protected surface waves at the domain wall between two QSH-PTIs
The existence and number of the topologically protected surface waves (TPSWs) at a QSH/QSH interface can be predicted based on the bulk-boundary correspondence principle [ 7] . One such interface, between a QSH with Δ (1) > 0 and a QSH with Δ (2) < 0, is shown in Fig.S3(a) a thin dashed line. All together there two TPEWs moving in a given direction because Δ = ↑(↓) (1) − ↑(↓) (2) = ±2. Therefore, spin-up TPSWs are moving to the right and spins-down TPSWs are moving to the left along the interface as predicted by the corresponding photonic band structure shown in Fig.S3(b) . The field profiles of the four TPSWs labeled by their spins and refractive indices are shown in Fig.S3(c,d) [ 3] . It can be observed from Figs.S3(c,d) that the propagation direction of TPSWs is spinlocked. The two types of spin-up forward-propagating TPSWs have the same group velocity but different phase velocities: one has a positive refractive index and another one has a negative one. In the experiment we are simultaneously exciting both forwardpropagating TPSWs because we are using a dipole antenna for excitation. A more sophisticated phased antennas array could be used in the future for exciting just one of the two modes. In addition, one could use a far-field excitation of TPSWs using a narrow slit cut through the top plate as explained in Ref. [ 8] . An electromagnetic wave incident on the slit at an angle ( ) with respect to the normal (z-) direction that satisfies the phase matching condition with a given TPSW (i.e. sin ( ) = ( ) for a TPSW with the refractive index ( ) = ( )/ ) would strongly couple to that particular TPSW. These two approaches to selective excitation of TPSWs is the subject of our future work.
Preservation of spin-degeneracy and spin conservation in the presence of defects
Because the spin degree of freedom in QSH-PTIs is synthetic, the topological protection of TPSWs does not directly follow from time-reversal symmetry as it does in conventional topological insulators. Instead, TPSWs rely on the properties of spindegeneracy and the conservation of the spin DOF [ 1, 4] . Only a limited class of defects ensure these properties. One such lattice defect involves random variations of the magnitude of the effective spin-orbit coupling coefficient Δ , which itself is determined by the gap size between the metal rod and plate. Changing the size of the gap can be viewed as an electromagnetic perturbation that affects the TE and TM modes differently, thus potentially violating spin-degeneracy. Our earlier analytic estimates quantified [ 1] the strength of thus induced spin coupling and compared it to the strength of the effective spin-orbit coupling Δ . The former was predicted to be much smaller than the latter. To investigate the implications of this near-conservation of the spin DOF, we have devised a numerical experiment shown in Fig.S4 . The numerical experiment uses the same sizes (listed in the caption of Fig.1 of the Letter) as the experiment, except that a very large portion of the photonic lattice is perturbed. The perturbed region inside the white-bordered box in Fig.S4 consists of 35 rods (≈ 4 × 4 ) near the domain wall between the two PTIs with opposite values of Δ has been subjected to strong and random perturbation of the gap size : the baseline value = 0.15 , the varied gap is 0 < < 0.2 . Within our computational accuracy, such strong defect does not reduce transmission and does not cause any detectable back-scattering of the TPSWs. That implies that there is no mixing of the spin states by the perturbation and, therefore, no violation of the topological protection. Note that this perturbation does not involve any displacement of the rods from their positions on the hexagonal lattice. The second defect type is the one which is the subject of this Letter: a deformation of the domain wall between the two PTIs. That is, one can design an arbitrarily-shaped domain wall with multiple sharp bends of the propagation path, and the guided surface wave will still propagate through without any backscattering. One such defect, which is a combination of multiple sharp turns of the domain wall, has been theoretically for the case of the two 120 ∘ zigzag-type bends analyzed [ 1] . These simulations results are reproduced in Fig.S5. 
